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We study a production-inventory problem with a two-number policy (s, S) to control production.
When inventory hits S, production stops, and when inventory goes below s, production starts. The
production rate is also a decision variable, and the unit production cost is a function of the
production rate. We extend prior work on this model in the deterministic setting to the stochastic
setting, where we assume compound Poisson demand. The cost function for this production-
inventory problem is not convex; however, we provide operations managers with a simple
framework to determine a near-optimal production rate and (s, S) policy. We find that, while the
deterministic case favors production rates at extremes, either at the minimum just above the
expected demand rate or a pre-specified maximum, the stochastic case favors production rates
away from the minimum. We also examine how the best production rate changes with changes in

demand and cost parameters.
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I. INTRODUCTION

In production-inventory problems, the
production rate is typically known, and the
focus is on when to start and stop production to
minimize a cost metric. However, an operations
manager may have the opportunity to design the
process and set a production rate that is
economically desirable. A higher production
rate can help reduce backorders but can result in
higher inventory and more frequent setups. In
addition, a higher production rate may reduce
variable production costs like labor but require
more expensive setups and higher overhead
costs, such as facility rent, utilities, and asset
depreciation. Due to the various cost trade-offs,

it is not obvious which production rate
minimizes these costs.

The limited work that has considered the
production rate as a decision variable has been
in settings where demand is deterministic and
there are no backorders. Other work that
considers stochastic demand and the production
rate as a decision variable assumes that
production never shuts down and is the only
decision variable. One contribution of this paper
is to extend the work in the deterministic setting
to include backorders. However, this paper’s
primary focus and contribution is to extend the
deterministic case with backorders to the
stochastic setting with backorders.

The system we study is a production-
inventory problem with compound Poisson
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demand and a two-critical-number control
policy (s, S) to start and stop production. Unmet
demand is backordered. The system is in one of
two states: production or no production. When
inventory hits S, production stops, and when
inventory goes below s, production starts. This
model with a fixed, known production rate was
studied in Azoury and Miyaoka (2020) and has
two decision variables: s and S. In our model,
the production rate is also a decision variable;
thus, our problem has three decision variables:
s, S and p. In addition, we assume that the unit
production cost is a function of the production
rate. Building on results from Azoury and
Miyaoka (2020), we provide operations
managers with a simple framework to analyze
different production rates to determine the best
production rate p and (s, S) control policy.
Through extensive numerical studies, we
compare the stochastic case to the deterministic
case and examine the sensitivity of the best
production rate to changes in the demand and
cost parameters. This paper makes the
following contributions:

First, we extend the literature on
continuous  review  production-inventory
models to the case where demand is stochastic,
production starts and stops, and the production
rate is a decision variable. We provide a simple
approach to solve this stochastic production-
inventory problem that gives near-optimal
results and can be done in a spreadsheet.

Second, we compare the stochastic case
to the deterministic case and show that, while
the deterministic case favors extreme point
solutions, either at a minimum rate (just above
the demand rate) or a pre-specified maximum
rate, the stochastic case favors production rates
away from the minimum rate. Moreover, we
show that as the degree of randomness
increases, the best production rate in the
stochastic case diverges further from that of the
deterministic case.

Third, we provide managerial insights
on how changes in the demand and cost
parameters affect the best production rate.

The paper is organized as follows.
Section 2 reviews the related literature. Section
3 reviews the deterministic model and extends
it to the case of backorders. Then, we extend the
deterministic case with backorders to a
stochastic model. Section 4 provides managerial
insights  through numerical studies and
sensitivity analysis. Finally, in Section 5, we
offer concluding remarks.

II. LITERATURE REVIEW

The literature on continuous review
production-inventory systems is vast. Here, we
limit the discussion to relevant areas of
research. There are three relevant categories: (1)
Demand 1is deterministic, there are no
backorders, production starts and stops, and the
production rate is a decision variable. (2)
Demand is stochastic, production never stops,
and the production rate is a decision variable.
(3) Demand is stochastic, production starts and
stops, and the production is rate fixed.

Work in the first category includes the
following papers. Cheng (1993) analyzes the
economic production quantity (EPQ) model
with a varying production rate. For the case
where varying the production rate does not
change the unit production cost, they show that
the production rate should be set close to the
demand rate. Khouja (1995) extends the EPQ
model by considering the production rate as a
decision variable and unit production costs as a
function of the production rate. While the total
annual cost is a nonconvex function, it is convex
for a given production rate. For a given
production rate, the optimal production quantity
is the EPQ solution. They propose a search on
the cost function over production rate values to
find the optimal solution. They find that when
the production rate that minimizes the unit
production cost function is less than or equal to
the demand rate, setting the production rate
equal to the demand rate is optimal. When the
production rate that minimizes the unit
production cost function is greater than the
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demand rate, the optimal production rate is less
than the production rate that minimizes the unit
production cost function. Bhandari and Sharma
(1999) extend Khouja (1995) by generalizing
the unit production cost function. Larsen (1997)
studies the model in Khouja (1995) and finds
the counterintuitive result that an increase in the
demand rate leads to a decrease in the optimal
production rate. Afshar-Nadjafi (2013) also
considers the production rate a decision variable
in a deterministic demand setting. They extend
the EPQ model by considering the unit
production cost as a decreasing power function
of the production rate and the setup cost as an
increasing power function of the production
rate. The annual holding cost is a function of the
unit production cost. For a given production
rate, the optimal production quantity is the EPQ
solution, where the setup and holding costs are
calculated from the functions that relate them to
the production rate. Similar to the approach in
Khouja (1995), they propose a search on the
cost function over values of the production rate
to find the optimal solution. Their numerical
studies show that the optimal production rate is
at an extreme point solution, either at a
minimum rate (just above the demand rate) or a
pre-specified maximum rate.

As for the second category, we cite the
following papers. Shi, Katehakis, Melamed, and
Xia (2014) and Katehakis, Melamed, and Shi
(2015) consider the production rate as a
decision variable in a production-inventory
system with stochastic demand where
production never shuts down. Since production
never shuts down, there is no control policy to
turn on/off production. They assume lost sales,
and their objective is to determine the optimal
production rate that minimizes the cost metrics
considered. Shi (2016) and Chang, Lu, and Shi
(2019) extend these results by considering
stockout risk. In Shi (2016), the system cost is
assessed by the inventory holding cost and the
stockout penalty. In Chang, Lu, and Shi (2019),
the system cost is evaluated by the production
cost and the inventory holding cost, and they

incorporate a stockout risk constraint into the
cost optimization. They assume that the
production cost is an increasing function of the
production rate. In our problem setting,
production is shut down when inventory reaches
a certain level and starts up again when
inventory falls below a certain level.

For the third category, we reference the
following work. Graves and Keilson (1981) and
Azoury and Miyaoka (2020) study a production
inventory system where demand is governed by
a compound Poisson process, with the size of
each demand request exponentially distributed.
Demand is satisfied by a production facility that
is either in production or idle, and excess
demand is backordered. The production rate is
given at a predetermined value. A two-critical-
number policy (shown to be the optimal control
policy in Gavish and Graves, 1980) is used to
turn on/off production. Graves and Keilson
(1981) use the compensation method to get the
stationary distribution of the inventory level
from which they derive the expected cost
function and propose a numerical search to find
the optimal (s, S) control policy. Azoury and
Miyaoka (2020) generalize Graves and Keilson
(1981) by modeling demand as a mixture of two
components: a stochastic part, as in Graves and
Keilson (1981), and a constant demand
component. They apply the level-crossing
method to derive the stationary distribution of
the inventory level and use it to derive the
expected cost function. In addition, they
propose approximations that give near-optimal
closed-form solutions for the (s, S) control
policy for both demand cases: the general case
where demand is a mixture of two components
(random and constant) and the case where
demand is only random as in Graves and
Keilson (1981).

In this paper, we extend the work above
to a fourth category: the case where demand is
stochastic, production starts and stops, and the
production rate is a decision variable. We also
extend the work in the first category to include
backorders.
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ITI. PRODUCTION-INVENTORY MODEL

The analysis of the production-
inventory problem under stochastic demand
with the production rate p as a decision variable
builds from the deterministic case in Khouja
(1995) and Bhandari and Sharma (1999), where
they consider the standard EPQ problem (no
backorders) with the production rate as a
decision variable and unit production costs as a
function of the production rate. In Section 3.1,
we describe their model and extend their model
to the deterministic case with backorders.
Section 3.2 analyzes the stochastic demand case
and proposes our framework for finding the best
production rate and (s, S) policy.

3.1. Deterministic Demand Case

3.1.1. Description of Prior Work: The
Deterministic Case with No Backorders

First, we describe the model in Khouja
(1995) and Bhandari and Sharma (1999). The
problem they study is an EPQ model with setup
cost K, holding cost per unit per time unit 4,
deterministic demand D, production rate p, and
unit production cost as a function of the
production rate, represented by f(p). When
inventory hits level S, production is turned off,
and when inventory is depleted to zero,
production is turned on. In addition to level S,
the production rate p is a decision variable. The
KD(p-D)
Sp +

>S + Df(p). We note that Khouja (1995)

writes the total cost as a function of the order
quantity, which equals Sp/(p — D). We write
the total cost as a function of S because later, in
the backorder case, we will use S rather than the
order quantity as a decision variable. As noted
in Khouja (1995), while 7C cannot be shown to
be convex in S and p, it can be written as a
function of only one variable p as follows. For
a given p > D, the optimal S is the classical EPQ

total cost per unit time, TC =

solution, S* = /%’:D). Plugging S" into TC
results in 7C = /ZKDh(l —g) +Df(p), a

function of a single variable, p. The first term in
TC represents the average setup and inventory
holding costs per unit of time, which is concave
increasing in p, and the second term in 7C
represents the production cost per unit of time.
The minimum of 7C can be found through a
one-dimensional search on p. Note thatif p = D,
production never shuts down, there are no
setups, inventory, or backorders, and T7C
reduces to Df(p). However, we note that
practically, if p = D, there will likely be
additional costs associated with never shutting
down that are not captured in the EPQ model.
Hence, in this paper, we assume that p > D.

3.1.2. Extension of the Deterministic Case to
Include Backorders

It is straightforward to apply this
approach to the EPQ with backorders. Let b be
the backorder cost per unit per time unit.
Gallego (2004) shows that when customers are
willing to accept backorders and backorders are
charged at a linear rate, it is optimal to incur
some backorders during each inventory cycle. A
two-critical-number (s, S) policy is used to turn
on/off production. When inventory hits level S,
production is turned off, and when inventory
falls to level s, production is turned on. Note that
s will be a negative number since it is optimal to
incur backorders in this deterministic setting.

The total cost per unit of time is:

TC — KD(p—D) + h S? +
(§-s)p

2(S-s)
Df (p)-

b
2(S-s) $

Z 4
(1)
Similar to the total cost in the Khouja
(1995) model, (1) cannot be shown to be convex
in s, S, and p; however, it can also be written as
a function of only one variable p. For a given
value of p, the optimal values for s and S are:

R 2KDh(p—D)' g = ZKDb(p—D). @)
\f b(h+b)p \/ h(h+b)p
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Plugging in the optimal (s,S) policy
from (2) into (1) results in

TC = \/ZKth%(l—%) + Df(p). (3)

Similar to the model without backorders
in Khouja (1995), the optimal value of p can be
found through a one-dimensional search. Note
that the first term in (3) represents the average
setup, inventory holding, and backorder costs
per unit time, which is concave increasing in p,
and the second term in (3) is the production cost
per unit time.

In the next section, we extend this model
to the case of stochastic demand.

3.2. Stochastic Demand Case

The production-inventory problem is a
continuous review production-inventory system
for a single product as in the deterministic cases
above. Here, demand for the product follows a
compound Poisson process with rate 4, and the

size of each demand request is an exponential
. . 1 .
random variable with mean =. Demand is

u
satisfied by a production facility that is either in

Inventory

Production Production
off on

Time =

production or idle. When in production, the
facility produces continuously at a rate p. To
avoid the possibility of infinite backorders, p >

%. A two-critical-number (s, S) policy is used to

turn on/off production. When production is on
and inventory reaches level S, production stops.
When production is off and inventory goes
below level s, production is turned on. In
addition to s and S, the production rate p is a
decision variable. Demand is backordered when
there is not sufficient inventory on hand. Figure
1 depicts a possible sample path for the
inventory level.

We assume that the production rate is

.. A
between a minimum rate p,,;, > - and a
u

maximum rate P., - Lhese minimum and
maximum rates might be driven by operational
policies on minimum and maximum utilization
levels or constraints on the available production
equipment. For example, p,,;, might be set
such that the utilization does not exceed some
level, and p,, 4, might be the maximum rate of
operation from the current manufacturing
technology.

Production
off

FIGURE 1: SAMPLE PATH FOR INVENTORY LEVEL

A fixed setup cost, K, is incurred
whenever production is turned on. A linear
inventory holding rate 4 per unit per time unit
and a linear backorder cost b per unit per time
unit are assumed. The production cost per unit,

flp), is assumed to be a function of the
production rate.

We formulate a model to determine the
(s, S) control policy and production rate p that
minimizes the sum of the expected setup,
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inventory holding, backorder, and production
costs per unit of time. There are two expected
cost functions, one for s < 0 and one for s = 0.
The expected setup, inventory holding, and
backorder costs per unit of time were derived in
Graves and Keilson (1981) and Azoury and
Miyaoka (2020), and here we add the expected
production costs per unit of time to these costs.

First, we define the following change in
variable:
Q=i+5—& (4)

Let W;(s,Q,p) be the expected cost
function when s < 0 and W,(s,Q,p) be the

expected cost function when s >0 . For
Wi (s, Q,p), we have the following:
2
Wi(s,Q,p) = Z1(s,Q.p) +2 f(p), (5)
KAM  h | (h+b)A

where Z,(s,Q,p) = { T R +

1, A 22 —m(e+s-3)
(h+b) ( S upM u?pim? g

hA

+-Q + hs — W R (6)
and M = u — i.

For W, (s Q,p), we have the following:

WZ(SJ Q'P) - ZZ(SI Q'p) +_f(p)' (7)
where Z,(s,Q,p) = {KZ;W — # —(h+
A —-M(Q+s—= —Ms h
) <u2p2M2 ( u) oM ! )} tz0
- )

Z,(s,Q,p) and Z,(s, Q, p) represent the
sum of the expected setup, inventory holding,
and backorder costs for s <0 and s=0,
respectively. W, (s, Q,p) and W,(s,Q,p) are
not convex in s, O, and p; however, for a given
production rate p, f(p) is a constant, and the
results in Azoury and Miyaoka (2020) can be
applied here. Azoury and Miyaoka (2020)
identified  approximate  cost  functions
2.(s,Q,p) and Z,(s, Q, p) that are very close to
Z,(s,Q,p) and Z,(s, Q, p), respectively. These
approximate cost functions Z;(s,Q,p) and
Z,(s, Q,p) are jointly convex in s and Q for a
given p. The first-order conditions give closed-

form solutions for s and Q. Through numerical
analysis, they show that the closed-form
solutions for s and Q are near optimal. We show
these closed-form solutions below in (9) and
(10) for the two cases s < 0 and s > 0. The
value for S can be calculated from the change-
in-variable formula in (4).

s < 0 case:
0= h+b 21<,1M _h n 2A(h+b) (h+b),12]
'u2 ,U,pMZ u2p2M2 4
s-mm(up—M—mQ ) )
s = 0 case:
1 2KAM 1 1
Q‘M+JW w2t
_ upMhQ
s = max( —In [MHD) 0) (10)

Azoury and Miyaoka (2020) proposed
the following heuristic. First, solve the s < 0
case and accept the solution if s<O0 ;
otherwise, solve the s > 0 case. In this paper,
we will call this heuristic the Azoury-Miyaoka
Heuristic.

The near-optimal closed-form
expressions for s and Q in (9) and (10) and the
exact expected cost functions in (5) and (7)
make it easy to analyze different values of the
production rate p. Plugging in (9) and (10) to (5)
and (7), respectively, allows us to reduce what
would be a multi-dimensional search to a one-
dimensional search over values of p that can be
done in a spreadsheet. This approach is similar
to what was done in the deterministic setting
(Khouja, 1995; Bhandari and Sharma, 1999),
where the EPQ solution was plugged into the
cost function, allowing for a one-dimensional
search over the production rate.

We propose the following 3-step
approach to find near-optimal values of
s,Q,and p.

1. Identify the values of p to be
considered. These values may start from p,,iy
and go to Pyqx In increments or be specific
discrete values of p that are feasible.

2. For each value of p considered, solve
for (s, @) using the Azoury-Miyaoka Heuristic,
and plug the solution into the appropriate
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expected cost function. That is, if the heuristic
solution results in s < 0, then the solution is
plugged into W, (s, Q,p) in (5). Similarly, if
the heuristic solution results in s > 0, then the
solution is plugged into W, (s, Q, p) in (7).

3. The best value of p is identified as the
one with the lowest expected cost. The value for
S is calculated from the change in variable in
(4).

The above 3-step method can be carried
out for any unit production function f{p). In the
following, we describe a reasonable form of f{(p)
that is similar to what was studied in Khouja
(1995) and Bhandari and Sharma (1999).

f@ =V +0@m) +C, (11)
V(p) =wp~¢, (12)
0(p) = rp¥. (13)
where w>0,r>00<e<1,0<p<1,

and ppin < P < Pmax- The function V(p) in
(12) is a decreasing convex function of the
production rate and models the economies of
producing at a higher production rate. For
example, if one worker operates a machine
regardless of the production rate, then as the
production rate increases, the variable labor
costs are spread over more units. The function
O(p) in (13) is an increasing concave function
of the production rate and models higher capital
and tool costs resulting from operating at faster
production rates. For example, higher
production rates might increase equipment costs
and tool wear out. The constant C in (11)
represents costs that are independent of the
production rate, such as the material cost per
unit. We note that it is easy to show that f{(p) has
1

.. _ [WE\B+e
ammmum atp = (E) .

Using the above function for f(p), we
illustrate our 3-step approach to find the best
production rate in the following example.

Example 1: Let A = 50, u = 0.05, K =
500, h = 3, b = 25 ,Dpmin = 1100, Dpmax =
5000. For the cost function f{p) in (11), we set
the parameters as w = 130, ¢ = 0.4, r = 2.5, and

B = 0.2, and, without loss of generality, we set
the constant C = 0. For Step 1, we considered a
range for p values that vary between 10% above
the mean demand rate and five times the mean

demand rate, namely, from 1.1% to S.Oﬁ. We will

refer to the coefficients 1.1 and 5.0 as
production rate factors. For this example, the

mean demand rate i 1000; thus, the range for

n
p is 1100 to 5000. Note that at p = 1100, the
utilization ﬁ = 091, and at p = 5000, the

utilization = 0.20. To search over the p values,
we used increments of 0.025 between the
production rate factors 1.1 and 2.0 and larger
increments of 0.1 between the production rate
factors 2.0 and 5.0, resulting in 67 values of p.
For each of the 67 p values, we carried out Step
2, solving for (s, Q) using the Azoury-Miyaoka
Heuristic and calculating the appropriate total
expected cost function. In Step 3, we identified
that p = 1675 (production rate factor 1.675) with
control policy (s, S) = (-14.75, 379.5) yielded
the lowest expected cost of 18,817. In Figs. 2,
3, and 4, the horizontal scale is the production
rate factor. Figure 2 shows the sum of the
expected setup, inventory holding, and
backorder costs per unit of time, Z; (s, Q,p) in
(6). Figure 3 shows the production costs per unit

of time, % f(p) . Figure 4 shows the total

expected cost per unit of time, W; (s, Q,p) in
(5). The best production rate factor of 1.675 (see
Figure 4) is in between the production rate
factor that minimizes Z;(s,Q,p), which is
1.375 (see Figure 2) and the production rate

factor that minimizes % f(p), whichis p =2.3

(see Figure 3). The utilization at p = 1675 is
equal to 0.60. We note that this solution is near
optimal; the optimal policy of this example,
obtained through an extensive numerical search,
is (s,8)=(-14.17,378.8) and p = 1665 with total
expected cost = 18,817.
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1800
1600
1400
1200
1000

Minimized at
800 production rate

factor = 1.375
600

1 2 3 4 5
Production rate factor
FIGURE 2: EXAMPLE 1: EXPECTED SETUP, INVENTORY HOLDING, AND
BACKORDER COSTS Zi(s,Q,p)

18200

18000

17800

17600

Minimized at
17400 production rate factor
17200 =23
1 2 3 4 5

Production rate factor

FIGURE 3: EXAMPLE 1: PRODUCTION COSTS ﬁf(p)

20100
19600
19100
Minimized at
18600 production rate factor
=1.675
18100
1 2 3 4 >

Production rate factor
FIGURE 4: EXAMPLE 1: TOTAL EXPECTED COSTS Wi(s,Q,p)

In the next section, we perform results of the stochastic case to that of the
extensive numerical studies and compare the deterministic case. We also examine the
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sensitivity of the optimal production rate to
changes in the demand and cost parameters.

IV.NUMERICAL STUDIES

In this section, we present the results
from three numerical studies. In the first study,
we create trials by randomly generating values
for the cost and demand parameters. In the
second study, we use the trials generated from
the first study and vary the degree of
randomness of demand by changing 4 and u. In
the third study, we use the trials generated from
the first study and vary one cost parameter at a
time. The first study gives us insight into how
different combinations of parameter values
affect the selection of the best production rate,

and we compare the results of the trials to those
of equivalent deterministic trials. The second
study allows us to conduct a sensitivity analysis
on the effect of changes in the degree of
randomness of demand on the best production
rate. The third study allows us to conduct a
sensitivity analysis on the effect of changes in
the cost parameters on the best production rate.

4.1 Numerical Study: Randomly Generated
Trials

We performed a numerical study by
randomly generating 1000 trials. For each trial,
parameter values K, b, 4, and x were randomly
selected from the uniform distributions on the
intervals in Table 1.

TABLE 1: NUMERICAL STUDY PARAMETER INTERVALS

Parameter | Description Interval
A Demand rate of compound Poisson process [10, 100]
u I/mean demand size of compound Poisson process [0.02,0.1]
b Backorder cost per unit per time unit [20, 50]
h Direct inventory holding cost per unit per time unit fixed at 3
K Setup cost [200, 1000]
V(pmin) Variable cost per unit at minimum production rate [5, 10]
£ Parameter for the variable cost per unit function V(p) [0.1,0.7]
O(pmin) | Overhead cost per unit at minimum production rate [5, 10]
B Parameter for the overhead cost per unit function O(p) [0.1,0.7]
C Constant part of the cost per unit fixed at 0
Dmin Minimum production rate fixedat 1.1 x 2
u
Dmax Maximum production rate fixed at 5.0 x 2
u

For example, for 4, each trial had a
randomly selected value between 10 and 100.
We fixed 7 = 3 for all trials. We set the
minimum production rate to be considered, pmin,

2 . :
to l.l; and the maximum production rate to be

) 2 )
considered, pmax, to 5.0;. We use the unit

production cost function f{p) in (11), and to
model V(p), we randomly generated values for
V(pmin) and € from the intervals in Table 1.
From the V(pmin) and & values, we can

. V(Dmi
determine the constant, w = @L‘fg). We note
Pmin

that this is not the only way to model this
function, but it is a reasonable assumption that
the operations manager would know V(p) at the
minimum production rate. We similarly model
O(p) by randomly generating O(pmin), and
values from the intervals in Table 1. Without
loss of generality, we set C, the constant part of
the unit production cost, equal to zero, resulting
in f(p) = V(p) + O(p). We note that the intervals
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in Table 1 were chosen to cover a wide range of
scenarios for demand and cost parameters.

For each of the 1000 trials, we applied
our 3-step approach to find near-optimal values

of 5,5,and p. We varied p from l.lﬁ to 5.0%

using the same increments as in Example 1,
resulting in 67 values of p considered.

Figure 5 shows the frequency of the best
production rate factors for the 1000 trials. Over
80% of the trials resulted in a best production
rate factor between 1.125 and 1.9 (equivalent to
utilizations of 0.89 and 0.53, respectively).
Some of the trials (8%) resulted in a production
rate factor equal to the maximum rate of 5.0;
these trials had unit production cost functions
that favored high production rates.

250

N
o
o

[N
w1
)

[N
o

Frequency
(e}

ul
o

o

Production rate factor

IIIIIIIIIIIIII-
%0 o«
on oM

o™

N N % Q@
o <+ T T

FIGURE 5: FREQUENCY OF BEST PRODUCTION RATE FACTOR, STOCHASTIC

To give a partial view of the numerical
study, we show results from a sample of the
trials in Appendix A. The sample was selected
by sorting the trials by the best production rate
factor from smallest to largest and selecting the
first trial in the list and every 100" trial for a
total of 11 trials.

How do our results for the stochastic
trials compare to that of equivalent
deterministic trials? To make this comparison,

CASE

for each trial in the numerical study, we created
an equivalent deterministic trial by setting the
constant demand D equal to the expected
demand A/u. Then, we solved for the best
production rate p via a one-dimensional search
of the total cost function 7C in (3) over values
of p from 1.1D (production rate factor 1.1) to
5.0D (production rate factor 5.0). Figure 6
shows the frequency of the best production rate
factors for these 1000 trials.
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FIGURE 6: NUMBER OF TRIALS BY BEST PRODUCTION RATE FACTOR,
DETERMINISTIC CASE

The deterministic case favors the
minimum production rate factor of 1.1, while
the stochastic case tends to result in production
rate factors greater than the minimum rate.

Table 2 shows the number of trials for which the
best production rate factor was at the minimum
of 1.1, between 1.1 and 5.0, and at the maximum
of 5.0.

TABLE 2: TALLY OF TRIALS BY BEST PRODUCTION RATE FACTOR

Best production rate factor Deterministic case Stochastic case
Minimum of 1.1 825 2
Between 1.1 and 5.0 102 918
Maximum of 5.0 73 80

To explain these differences, we look at
the setup, inventory holding, and backorder
costs for the deterministic and stochastic cases.
We do not need to compare the production costs
because they are the same for the two cases. In
the deterministic case, the average setup,
inventory holding, and backorder costs per unit
time each are concave increasing in p; thus, the
sum of the three costs are concave increasing in
p- In contrast, the expected setup, inventory
holding, and backorder costs per unit of time in
the stochastic problem take on different shapes.
In Figs. 7 and 8, we show the relevant costs for
the two cases, deterministic and stochastic,
respectively, for Trial 1 (4 =86, u = 0.040, K =
631, h=3,b=42, Viin=28.5, €= 0.133, Opin =
6.2, f = 0.461). The top curve in each figure is
the sum of the three costs (setup, inventory
holding, and backorder). For the deterministic

case, the concave increasing shape of the sum of
the three costs explains why this case favors
setting p equal to the minimum production rate.
For the best p to be greater than the minimum
production rate, the production costs Df{p) must
decrease in p more than the setup, inventory
holding, and backorder costs increase in p. In
the stochastic case, when p is low

(close to ﬁ) the utilization is close to 100%,

and the expected backorder and inventory
holding costs per unit time are very high. As
with queuing systems, production systems with
high  utilization are  expensive.  This
phenomenon explains why the stochastic case
favors setting p above the minimum value of p
= 1.1 (equivalently, setting the utilization below
0.91). Moreover, we would expect that, as
demand becomes more intermittent (lower A)
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with larger demand sizes (smaller u) (i.e., study the effect of lumpier demand on the best
lumpier demand), the system would favor production rate.
higher production rates. In the next section, we

3000
Total average setup,

2500 inventory holding, and
backorder costs

2000
—— Average setup costs
1500
1000 —— Average inventory
500 holding costs
0 Average backorder
1 2 3 4 5 costs

Production rate factor

FIGURE 7: TRIAL 1: AVERAGE SETUP, INVENTORY HOLDING, AND
BACKORDER COSTS IN DETERMINISTIC CASE

3000
2500 Total expected setup,
backorder, and inventory
2000 holding costs
— Expected setup costs
1500
1000 ——Expected inventory holding
costs
500
/ Expected backorder costs
0
1 2 3 4 5

Production Rate Factor

FIGURE 8: TRIAL 1: EXPECTED SETUP, INVENTORY HOLDING, AND
BACKORDER COSTS IN STOCHASTIC CASE

4.2 Sensitivity Analysis on the Randomness changes in the level of lumpiness of demand.
of Demand Demand is considered lumpier if 41 and u are
smaller for a given expected demand rate. For

In this section, we examine the example, given the same expected demand A/u
sensitivity of the best production rate factor to = 2500, demand with 4 = 25 arrivals per time
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unit and u = 0.01 (expected demand size = 100)
is lumpier (i.e., more intermittent with larger
demand sizes) than demand with 4 = 100
arrivals per time unit and 4 = 0.04 (expected
demand size = 25). We note that lumpier
demand has a higher variance. The variance for
a compound Poisson demand process with
exponential demand sizes is equal to 24/u?;
thus, for a given expected demand A/u, the
variance increases as u decreases.

To conduct this sensitivity analysis, we
expanded the numerical study in the previous
section. For each of the 1000 trials in the
numerical study in Section 4.1, we created five

sub-trials with different A and 4 values ranging
from low A and u values (lumpiest) to high 4 and
u values (least lumpy) while keeping A/u fixed
at the original value. We used multipliers 0.25,
0.50, 1.0, 2.0, and 3.0 of the original A and u
values. For example, applying the multiplier of
0.25 results in one-quarter of the original values
for 4 and u, while the multiplier 3.0 results in
three times the original values of 4 and u. As an
example, in Trial 1, the original 4 and u values
were 86 and 0.04, respectively, and we created
five sub-trials with A and u values, as shown in
Table 3. All five sub-trials have the same
expected demand A/u = 2150 and cost
parameters as in the original Trial 1.

TABLE 3: EXAMPLE: SUB-TRIALS FOR TRIAL 1

Sub-trial 1 | Sub-trial 2 Sub-trial 3 Sub-trial 4 Sub-trial 5
(lumpiest) (Original values) (least lumpy)
Multiplier of original 0.25 0.5 1.0 2.0 3.0
values for 4 and u
A 21.5 43 86 172 258
u 0.01 0.02 0.04 0.08 0.12

By repeating this approach for all 1000
trials, we ended up with 1000 sets of five sub-
trials where we varied the lumpiness of demand.
For each sub-trial, we identified the best
production rate p. We found that in 925 of the
1000 trials, the best production rate decreased
as the multiplier increased from 0.25 (lumpiest)
to 3.0 (least lumpy). In 75 trials, the best
production rate stayed at the maximum of 5.0 as
the multiplier increased due to unit production
cost functions that favored high production
rates. Figure 9 shows four trials illustrating how
the best production rate changes as demand gets

less lumpy. See Appendix B for parameter
settings for the trials in Figure 9. In addition, we
found that as the multiplier increased from 0.25
(lumpiest) to 3.0 (least lumpy), the best
production rate moved closer to that of the best
production rate in the equivalent deterministic
trial where constant demand D = A/u. More
frequent arrivals (larger 1) with smaller demand
sizes (larger u) result in more predictable
demand, and the system favors lower
production rates (i.e., higher utilization),
moving toward that of the deterministic setting.
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AND u.
4.3 Sensitivity Analysis on the Cost parameters the same as in the original numerical
Parameters study. Thus, we ended up with 1000 sets of five
sub-trials where we varied K. We did the same
In this section, we examine the for # and b. For each sub-trial, we identified the

sensitivity of the best production rate factor to
changes in the cost parameters, K, 4, and b, for
both the deterministic and stochastic cases. To
do this, we expanded the numerical study in the
previous section to vary K, &, and b one at a
time. For each of the 1000 trials in the numerical
study in Section 4.1, we created five sub-trials
with different parameter values ranging from
low to high. We used multipliers 0.25, 0.50, 1.0,
2.0, and 3.0 of the parameter’s original value.
As an example, in Trial 1, the original K value
was 631, and to vary K, we created five sub-
trials with the following K values: 158, 316,
631, 1262, 1893, while keeping all the other

best production rate for the deterministic and
stochastic cases. We report the results in Tables
4 and 5 for the deterministic and stochastic
cases, respectively, tracking the best production
factor as the parameter changes from its lowest
to highest value. “Not changing” means that, as
the parameter value increased, the best
production rate stayed the same at the lowest
parameter value (at the multiplier of 0.25).
“Increasing” (“Decreasing’’) means that the best
production rate increased (decreased) as the
multiplier for the parameter increased from 0.25
to 3.0.

TABLE 4: RESULTS FOR DETERMINISTIC NUMERICAL STUDIES SENSITIVITY

ANALYSIS
As each parameter increases, the number of trials for K h b
which the best production rate was
Not changing 756 766 897
Decreasing 244 234 103
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TABLE 5: RESULTS FOR STOCHASTIC NUMERICAL STUDIES SENSITIVITY

ANALYSIS
As each parameter increases, the number of trials for K h b
which the best production rate was
Not changing 59 79 89
Decreasing 941 220 10
Increasing 0 695 862
Decreasing, then increasing 0 6 39

For the deterministic case, the best
production rate is either not changing or
decreasing in K, &, or b. (See Table 4.) In most
of the deterministic trials, the best production
rate did not change in K, A, or b. In most of these
“not changing” trials, the best production rate
factor at the lowest parameter value (multiplier
of 0.25) was the minimum rate of 1.1, and it did
not change as the multiplier increased. It is easy
to show analytically that the mixed partials of

the total cost function 7C in (3), that is,
orc arc .4 OTC

opdK’ apon’ dpdb
implying that the best production rate p is
decreasing or not changing as K, h, or b
increase. We note that Khouja (1995) and
Bhandari and Sharma (1999) show examples of
varying K and 4 that are consistent with these
results.

For the stochastic case, we can see from
Table 5 that, in all the trials, as K increases, the
best production rate factor either decreases or
does not change, similar to that of the
deterministic case. However, as £ or b increases,
the best production rate increases in most trials.
This result can be explained by looking at the
shape of the three expected cost functions:
setup, inventory holding, and backorder.
Referring back to Fig 8, we can see that the
expected setup cost takes on a concave
increasing shape similar to that of the
deterministic case; however, the expected
inventory holding and expected backorder costs
take on very different shapes than those of the
deterministic case. The expected inventory
holding cost is very high at low production
rates, and as the production rate increases, it
decreases in a convex way and then increases in

are greater than zero,

a concave way. The expected backorder cost is
also very high at low production rates, and as
the production rate increases, it decreases in a
convex way. Thus, as & or b increase, the
stochastic nature of the problem makes it
marginally more expensive to move from a
relatively low production rate to a lower one.
To give a partial view of the results of
this sensitivity study, we show in Appendix C
graphs of how the best production rate changes
as the parameters K, h, or b change,
respectively. In each chart, we show four
different examples to illustrate the different
patterns of changes in the best production rate.

V. CONCLUSION

We developed a framework for a
production-inventory problem with stochastic
demand to identify the best production rate in
addition to the two-critical-number (s, S) policy.
The proposed framework builds upon the
heuristic in Azoury and Miyaoka (2020), which
gives closed-form near-optimal solutions for the
two-critical-number (s, S) policy. These closed-
form solutions are important because they
vastly simplify the search for the best p, s, and
S by reducing a multi-dimensional search to a
one-dimensional one. The framework we
proposed, which we call the 3-step approach,
starts with a p, computes (s, S) from the closed-
form solutions, plugs into the cost function, and
moves on to the next p to find the best p. This
one-dimensional search over p values can easily
be done in a spreadsheet.

Our results differ from prior research in
a deterministic EPQ setting where the best
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production rate tends to be an extreme point
solution. In our stochastic setting, we found
through extensive numerical studies that nearly
all of the best production rates were in the
middle range of production values considered.
Due to high inventory and backorder costs, it
was rare to have the best production rate near
the expected demand rate (i.e., high utilization)
in our stochastic setting. In addition, we found
that as the degree of randomness increases, the
best production rate increases, diverging further
from the deterministic case. We also studied the
sensitivity of the best production rate to changes
in K, h, or b. In the deterministic setting, the best
production rate is decreasing or not changing in
K, h, or b. Moreover, the deterministic case
favors the minimum production rate. In the
stochastic setting, we observed that the best
production rate was decreasing or not changing
in K but was increasing, decreasing, or not
changing in 4 or b.

A direction for future research is to
study a more general production-inventory
model where demand is a mixture of two
components: one stochastic and one
deterministic. For a fixed production rate,
Azoury and Miyaoka (2020) studied this model
with a two-critical-number policy and derived
expected cost functions. They proposed closed-
form, near-optimal solutions for the two-
critical-number policy. Adding a deterministic
component to demand is a significant addition
because transitions in the system occur
continuously and at demand arrival epochs. It
would be interesting to extend the framework
we developed here with the production rate as a
decision variable to this more general case
where demand is a mixture of stochastic and
deterministic components.
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APPENDIX A

TABLE Al: SAMPLE OF NUMERICAL STUDY FOR STOCHASTIC CASE

Parameters Results
best
production

Trial A U K b V(Pmin) € O(Pmin) B rate factor (s, S) utilization
500 100 0.080 975 34 8.3] 0.114 8.5 0.566 1.100] (171.8, 601) 0.91
263 65| 0.022 812 26 6.1 0.169 6.1 0.699 1.175| (320.3, 1154) 0.85
565 55| 0.083 903 31 9.7] 0.120 5.5 0.369 1.200| (50.4, 378) 0.83
993 80| 0.058 605 27 9.1 0.317 5.2 0.569 1.225 (55, 464) 0.82
588 74| 0.069 787 35 7.8 0.693 7.2 0.594 1.275| (30.9, 438) 0.78
586 82| 0.030 554 37 7.7| 0.540 5.7 0.619 1.325| (100.9, 718) 0.75
356 76/ 0.077 735 32 9.1 0.557 6.5 0.500 1.400 (-3.4, 402) 0.71
716 38| 0.074 711 29 7.3 0.510 6.0/ 0.338 1.525 (-5.1, 310) 0.66
758 89| 0.059 234 43 9.6] 0.269 7.8] 0.229 1.875 (-4.5, 345) 0.53
602 11 0.054 249 30 9.8| 0.532 54| 0.312 3.900 (-9.5, 147) 0.26
873 52| 0.030 224 47 8.1 0.577 7.4 0.144 5.000| (-20.5, 426) 0.20

Note: h = 3 for all trials.

APPENDIX B

Table B1 shows the parameter settings for the trials in Figure 9. The A and u values listed in the
table are associated with the sub-trial with multiplier = 1.0. To get A and u values for another sub-trial,
multiply the A and u values in the table by the appropriate multiplier (0.25, 0.50, 2.0, or 3.0).

TABLE B1: PARAMETER SETTINGS FOR TRIALS IN FIGURE 9

Aat 1.0 wat1.0
Trial | multiplier | multiplier K h b V(pmin) € O(Pmin) B
14 12 0.036 495 3 37 84| 0.635 6.9 0.256
207 14 0.057 359 3 47 7.3 0.322 7.5 0.226
24 21 0.026 584 3 47 9.5 0.256 6.7 0.396
21 51 0.072 857 3 47 5.1 0.320 741 0.619
APPENDIX C

Figure C1 shows four trials, each with five sub-trials, to illustrate how the best production rate
changes as the parameter K changes. Table C1 shows the parameter settings for the trials in Figure
C1. The K values in the table are associated with the sub-trial with multiplier = 1.0. To get the K value
for another sub-trial, multiply the K value in the table by the appropriate multiplier (0.25, 0.50, 2.0, or
3.0).

Journal of Supply Chain and Operations Management, Volume 22, Number 2, December 2024

101



Julia Miyaoka, Katy S. Azoury
Finding the Best Production Rate in a Production-Inventory System with Stochastic Demand

4 \‘\‘\4

3
3]
~
=
o
B —e— Trial 108
S 3
i —@—Trial 598
=~
= Trial 730
22
m —0— Trial 109
1 ! ® L. —
0 0.5 1 15 2 2.5 3

Multiplier for K

FIGURE C1: BEST PRODUCTION RATE FACTOR VERSUS MULTIPLIER FOR K

TABLE C1: PARAMETER SETTINGS FOR TRIALS IN FIGURE C1

K at
multiplier
Trial A U 1.0 h b V(Pmin) e O(Pmin) p
108 96| 0.089 643 3 21 9.8 0.556 6.2 0.259
598 251 0.026 968 3 46 87| 0477 7.2 0.230
730 19 0.032 689 3 45 8.1 0.257 89| 0.184
109 69| 0.099 446 3 22 6.1 0.363 9.2 0.372

Figure C2 shows four trials, each with five sub-trials, to illustrate how the best production rate
changes as the parameter /# changes. Table C2 shows the parameter settings for the trials in Figure C2.
The 4 values in the table are associated with the sub-trial with multiplier = 1.0. To get the 4 value for
another sub-trial, multiply the % value in the table by the appropriate multiplier (0.25, 0.50, 2.0, or 3.0).
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TABLE C2: PARAMETER SETTINGS FOR TRIALS IN FIGURE C2

Trial | 1 u K h at multiplier 1.0 b V(Pmin) € O@min) | B
890 36 1 0.079 | 696 3 41 8.0 0.620 8.7 0.160
935 13 | 0.024 | 852 3 42 7.1 0.481 10.0 |0.141
390 20 | 0.031 203 3 22 8.6 0.110 8.6 0.113
79 33 1 0.042 | 436 3 38 5.4 0.162 6.6 0.359

Figure C3 shows four trials, each with five sub-trials, to illustrate how the best production rate
changes as the parameter b changes. Table C3 shows the parameter settings for the trials in Figure C3.
The b values in the table are associated with the sub-trial with multiplier = 1.0. To get the b value for
another sub-trial, multiply the b value in the table by the appropriate multiplier (0.25, 0.50, 2.0, or 3.0).
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FIGURE C3: BEST PRODUCTION RATE FACTOR VERSUS MULTIPLIER FOR b

TABLE C3: PARAMETER SETTINGS FOR TRIALS IN FIGURE C3

Trial A u K h b at multiplier 1.0 | V(pmin) € O(Pmin) B

644 94 0.080 | 981 3 20 7.9 0.580 7.0 0.189
52 94 0.091 229 3 41 9.0 0.201 7.1 0.147
47 67 0.067 | 754 3 28 7.2 0.489 9.6 0.653
3 40 0.071 903 3 29 5.7 0.625 5.8 0.438
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